Algorithms for identifying closed form surface patches on the boundary of 5DOF manipulator workspaces are developed and illustrated. Numerical algorithms for the determination of three-and four-DOF manipulator workspaces are available, but formulations for determining equations of surface patches bounding the workspace of five-DOF manipulators were never presented. In this work, constant singular sets in terms of the generalized variables are determined. When substituted into the vector function yield hyperentities that exist internal and external to the workspace envelope. The appearance of surfaces parametrized in three variables within the workspace requires further analysis pertaining to a coupled singular behavior and is also addressed. Previous results pertaining to bifurcation points that were unexplained are now addressed and clarified. Numerous examples are presented.
I. INTRODUCTION
Numerical methods for determining boundaries of workspaces of mechanisms and manipulators have been developed by a number of authors in recent years. These studies have also extended to the field of computer-aided design (Abdel-Malek and Yeh 1997a) where the computation of the swept volume is important to solid modeling. Similarly, in manufacturing, the NC verification of machining processes requires the computation of the workspace generated by the tool path on the workpiece.
Some of the earliest studies on manipulator workspace were conducted by Vinagradov et al. (1971) , where the term service sphere was introduced. A study of the relationship between the kinematic geometry and manipulator performance including workspace was presented by Roth (1975) . A numerical approach to this problem was formulated and solved by Kumar Abdel-Malek, K., Yeh, H-J, and Khairallah, N., (1999), "Workspace, Void, and Volume Determination of the General 5DOF Manipulator, Mechanics of Structures and Machines, 27(1), 91-117.
and Waldron (1981) via tracing boundary surfaces of a workspace. Tsai and Soni (1981) studied accessible regions of planar manipulators, while Gupta and Roth (1982) studied the effect of hand size on workspace analysis. The use of the basis of the nullspace was first introduced by Spanos and Kohli (1985) . Other studies on the subject of manipulator workspaces can be found in Gupta (1986) , Sugimoto and Duffy (1982) , and Davidson and Hunt (1987) . Other works that have dealt with manipulator workspace are reported by Kumar (1985) , Agrawal (1990) , Gosselin and Angeles (1990) , and Emiris (1993) . Zhang et al. (1996) presented a graphical representation of kinematic workspaces.
Pennock and Kassner (1993) presented a numerical algorithm for the study of a planar three degree-of-freedom manipulator. More recently, Cecarelli (1995) used an algebraic formulation of a workspace boundary to formulate design equations of three-revolute (3R) jointed manipulators and 4R manipulators (Cecarelli and Vinciquerra 1995). The benefit of this method is shown in the ability to determine holes and voids in the accessible output set. The same example treated by Cecarelli will be addressed here for validation purposes.
Recently, Haug et al. (1996) formulated numerical criteria to find the workspace (called the accessible output set) of a general multi-degree-of-freedom system using a continuation method to trace boundary curves suitable for the study of both open-and closed-loop manipulators. The initial criteria for this computational method were presented by Haug et al. (1992) and Wang and Wu (1993) . The algorithm computes tangent vectors at bifurcation points of continuation curves that define the boundary of manipulator workspaces. A crosssection of the workspace is obtained and boundary continuation curves are traced. The method was demonstrated for a closed-loop mechanism called the Stewart Platform . These curves are then assembled into a mesh that is enveloped by appropriate surface patches. This method has proved valid for determining the general shape of the accessible output set. The main difficulty is in determining the status of a singularity at points along continuation curves. Although singular behavior occurring at points along the curves is identified, this method is completely numerical and only traces boundary curves. It does not result in analytical surfaces bounding the accessible output set. A comparison between the numerical approach introduced by Haug and colleagues and the approach of the method presented here for lower DOF was discussed by Abdel-Malek et al. (1997) .
The aim of this paper is to generalize the formulation for determining the workspace of the 3-DOF system presented elsewhere (Abdel-Malek and Yeh 1997b), to a general 5-DOF system and to explain previous results that remained unexplained. A formulation pertaining to a rank-deficiency criteria of the position Jacobian, including the effect of joint limits, is presented in section 2. First-and second-order criteria are introduced to delimit singular sets. These sets when substituted into the position vector of the end-effector yield parametric equations of surfaces. The appearance of surfaces parametrized in three generalized coordinates is addressed through second-order analysis in Section 3. The formulation is demonstrated through the analysis of spatial 5-DOF examples in Section 4.
II. FORMULATION
Define q * ∈ℜ n as the vector of n-generalized coordinates characterizing a manipulator configuration. The vector function generated by a point on the end-effector of a serial arm written as a multiplication of rotation matrices and position vectors is expressed by , ,..., n T such that
These generalized coordinates λ i are called slack variables in the field of optimization.
In order to include the effect of joint limits, it is proposed to augment the constraint equation Ω( ) q * with the parametrized inequality constraints such that
where
is the vector of all generalized coordinates. Note that although n − new variables ( λ i ) have been added, n − equations have also been added to the constraint vector function without loosing the dimensionality of the problem.
The Jacobian of the constraint function H q ( ) at a point q 0 is the (
where the subscript denotes a derivative. With the modified formulation including the parametrized inequality constraints, the Jacobian is expanded as
where the notation f q 1 denotes the partial derivative of f with respect to q 1 , and is a diagonal block matrix, 0 is a ( ) 3× n zero matrix, and I is the identity matrix.
The boundary to the workspace ∂W (workspace envelope) is a subset of the workspace at which the Jacobian of the constraint function of Eq. 7 is row rank deficient ( 
sub-Jacobians. Equating the determinants to zero yields η -number of equations to be solved simultaneously. The solutions to these η equations are the singular sets of Type I. This criterion is used to obtain square sub-Jacobians. Solutions of the resulting η equations of all three conditions are sets of constant generalized coordinates denoted by p i and are characterized by the following set 
Solving the row rank deficiency condition for Eq. 7 is equivalent to solving the rank deficiency for
where the notation of ⊄ represents the exclusion of the right matrix from the left matrix and it represents the sub-matrix of [ξ q * ] when joint constraints are at their limits.
From the foregoing observation, the second type of singular sets are formulated. Define a new vector ∂q
which is a sub-vector of q * where
For the case of dim ( ) ∂q limit 2 7 = − n 2 , it is noted that the solution of Eq. 7 is readily available as will be discussed in the following paragraphs. The joint coordinates can be partitioned as
, and
Let the solution for this condition be denoted by $ p , which is a constant sub-vector of w, and
, $ . The type II singularity set is defined as
Rank ξ J L (18) As for the case of dim ( ) ∂q 
Hypersurfaces that are parametrized in two variables ( ξ( ) u i ) have their limits prescribed by he inequality constraints and can readily be depicted. However, hypersurfaces parametrized in three variables ( ξ( ) s i ) represent coupling between the joints and require further analysis.
III. COUPLED SINGULAR BEHAVIOR
For a 5-R manipulator and if two joints are locked, the remaining 3-DOF's end-effector may have a volume as its workspace. However, in some cases and because of the coupled singular behavior, the resulting workspace is only a surface parametrized in three joint variables indicating a coupling between the three parameters (the Gimbals mechanism is such an example). It was noticed that when this case occurs, at least two joints of the reduced order manipulator are coupled, and at least one configuration has has a rank deficiency of two. Since the rank-deficiency of this surface is of order one, it yields two constant generalized coordinates, i.e., one-parameter geometric entities. Curves instead of surfaces that identify the boundary will be determined.
For this case,
, and the Jacobian of the hypersurface is ξ ξ ε ε = s s (22) where ε is the corresponding vector of slack variables ε = λ λ λ
. For a joint at its limit ( ) q i limit , the second block matrix of Eq. 22 is rank deficient. An elementary matrix of row operations E i applied to s ε yields a row echelon form such that
where E ; where the subscript denotes the joint number, and E RE is a row echelon form. This same matrix applied to ξ s T yields E 0
where dim( ) ( ) Λ = × 2 3 and dim( ) ( ) Λ j = × 2 1 for j = 1 2 3 , , . Applying Eq. 12 to Λ with m = 3 , n = 2 variables, and a rank deficiency of d = 1 yields η = 3 equations to be solved simultaneously. Solutions to the three equations are singular sets denoted by γ i such that
where D = γ β , where β i is the remaining variable such that
( ) β is a parametric space curve and dim( ( )) ( ) Γ β = × 3 1 which represent boundary curves to the hypersurface ξ( ) s . The workspace is characterized by the hypersurfaces ξ( ) u and ξ( ) s subject to Γ( ) β . The determination of its boundary is addressed in the following section.
IV. PERTURBATION METHOD TO DETERMINE THE BOUNDARY
Since hypersurfaces extend internal and external to the workspace envelope, it is necessary to identify regions (surface patches) of these hypersurfaces that are on the boundary, whether the external boundary or a void.
The curves resulting from the intersection of hypersurfaces divide each surface into many regions. An algorithm developed by the authors (Abdel-Malek and Yeh 1996, 1997c) is implemented to identify these regions whereby curves of intersection are traced. In fact, these curves represent singular trajectories of the end-effector at which the manipulator looses at least two degrees of freedom (coupled singularities). The intersection of two singular curves identify the so-called bifurcation point.
To determine if a region is internal, a perturbation method is employed. Consider a point q (ii) For any given joint velocity vector & q , the velocity of the end-effector is either tangent to the singular surface or zero, i.e., the normal component of the end-effector velocity is always zero, i.e., 
V. BIFURCATION POINTS, VOID DETERMINATION, AND COMPUTING THE VOLUME
A cross section of the workspace at any elevation can be computed by numerically intersecting each hypersurface with a plane. The same algorithm used above to identify regions is employed to trace intersection curves.
Bifurcation points identified by Haug et al. (1996) can now be explained as the intersection of at least two hypersurfaces. Indeed, continuation lines traced in that work are in effect the curves of intersection between two hypersurfaces. If three hypersurfaces intersect at a point, the rank deficiency of the Jacobian at this point is of order two. The computation of tangents at these points becomes more difficult as the number of surfaces augments.
Void determination using the presented method becomes a simple task as the perturbation method performed on an internal region of a hypersurface reveals whether this region is a boundary. If it is a boundary while inside the external boundary, then this region envelops a void. An example presented below illustrates the determination of voids.
Because hypersurfaces are in closed form, their intersection with a cutting plane can be computed at any elevation. A number of cutting planes are introduced, and their intersection with the hypersurfaces computed. To compute the volume of the workspace, an algorithm called Flood adapted from computer graphics is implemented to compute the cross sectional area. A seed point is specified somewhere outside the boundary R, within the rectangle formed by the xy-axes and their parallels. A horizontal fill line starts at the seed point and floods the entire area outside the region. The flood algorithm has the advantage that it is very fast. The volume is computed by discretely integrating over the cross sectional areas.
VI. EXAMPLES Example 1: A 5-DOF RPRPR Manipulator
Consider the manipulator depicted in Fig. 1 with two prismatic and three revolute joints.
The Denavit-Hartenberg method yields the set describing each point in the workspace as 10  20  10  10  10  20  10  10   10  20  10   2  3  5  2  3  4  2  3  2  3  2  3  5  2  5   2  3  5  2  3  4  2  3  2  3  2  3  5  2  5   3  5  3  4  3  3 and b = max( , ) 3 1 . Substituting into Eq. 12 yields η = 10 equations to be solved simultaneously which represent the determinants of the ( ) 3 3 × sub-Jacobians. Solutions to the ten equations that satisfy the constraint equations are the sets given by 2 0   2  3  5  2  5  2  3  2  3  5  2  3   2  3  5  2  5  2  3  2  3  5  2 Simultaneously solving the above system of equations yields a second constant generalized coordinate q 5 2 = π or q 5 = q . Substituting all second-order singularity sets into Eq. (34) yields a number of hypercurves Γ j ; j = 1 12 ,..., , shown in Fig. 3a and the surface is shown in Fig. 3b .
The results of this plotting for the four hypersurfaces due to ( ... ) p p 27 30 are shown in Fig. 4 .
The surfaces are then intersected to define regions that may exist either on the boundary or internal to the workspace. Those surface patches that are on the boundary are depicted in 5  5  5  1 5  5  5  5  1 5  5  5  1 5  2 5   5  1  2  4  5  1  4  1  2  5  1  2  3  1  2   5  1  2  4  5  1  4  1  2  5  1  2  3  1  2   2  4  5  2  5  2 
EXAMPLE 3: 4-DOF MANIPULATOR-CALCULATING THE WORKSPACE VOLUME
Consider the 4-DOF manipulator shown in Fig. 8 . The area for each cross-section is computed and entered in Table 1 . The cross-sections are connected using a mesh based on a trapezoidal algorithm and the volume is computed to V u trapez = 718417 3 .
, where u is a unit, while based on spline algorithm, the volume is computed to V u spline = 72149 3 .
EXAMPLE 4: A 5-DOF RPPRR WITH VOIDS
Consider the 5-DOF manipulator shown in Fig. 10 The perturbation method applied to each surface region identifies the boundary as shown in Fig. 11 , where an internal boundary to a void is also identified.
EXAMPLE 5: THE 4R GENERAL MANIPULATOR-VALIDATION EXAMPLE
This example is presented here for validation purposes since it was treated by Ceccarelli and Vinciguerra (1995) and its cross section presented therein. The manipulator for this example is a general 4R serial arm (one less joint than the manipulator shown in Fig. 12) where
= , a 3 3 = , and a 4 4 = . Using the formulation presented in this paper, the cross section at z = 0 0 . and z = 4 0 . is shown in Fig. 12a and b, respectively.
EXAMPLE 6: THE 5R GENERAL MANIPULATOR
Consider the 5R serial arm shown in Fig. 13a where
The cross section at z = 0 0 . is shown in Fig. 13b .
VII. CONCLUSIONS
A general formulation for determining boundary surface patches in closed form to 5DOF manipulators has been presented. The workspace constraint function was formulated in terms of generalized coordinates including inequality constraints imposed on each joint. It was shown that Jacobian rank-deficiency conditions usually applied in robotics analysis to determine degenerate conditions, are employed here to generate constant singular sets and to identify coupled singular behavior. It was also shown that hypersurfaces in parametric form based on these singular sets exist internal, external, or may extend from the internal to the external of the workspace envelope. It is emphasized that these hypersurfaces are characterized by parametric equations where the parameters are joint variables. It was observed that those surfaces that are parametrized in three variables exhibit singular behavior that can be used to determine their boundaries in terms of parametric space curves.
Coupled singular behavior for hypersurfaces parametrized in three variables was addressed and has been shown to provide solutions to a class of problems identical to the case of the Gimbals mechanism.
Results pertaining to the determination of the workspace, envelope volume, bifurcation analysis, and cross sectional views of the workspace were presented. Validation examples, were illustrated to demonstrate the applicability of the formulation to a wide range of problems.
One may conclude that the solution to these examples are possible only because hyperentities are identified in closed form. To the authors' belief, these are the only reported results that have yielded closed form equations to surface patches of the workspace envelope.
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